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Abstract: The purpose of the paper is to illustrate a method, based on theorem proving,
allowing the determination of a set of constraints such that some property of an hybrid
system is verified. The approach is based on the generation of scenarios by proving some
linear logic sequents and on the analysis of symbolic temporal constraints in a Simple
Temporal Network. In the presented example, the property is the reachability of a given
state within some temporal constrai@opyright~ 2005 IFAC
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1. INTRODUCTION between token locations and continuous variable do-
mains. After this step, the scenarios (consistent with
The objective of this paper is to illustrate, on a non the discrete view) corresponding to the property are
trivial example, an approach for proving some prop- exhaustively generated. This step is based on a trans-
erties of hybrid systems. The originality resides in the lation of the reachability problem into the proof of a
following points. The technique belongs to theorem linear logic sequent. The next step consists in deriving,
proving and not to property verification. It is based for eachscenario- a set of transition firings with
on an exploration of the trajectory space (scenariosa partial order - a Simple Temporal Network (STP)
leading to some specified states) and not on state spacby taking into account the quantitative temporal con-
exploration. Finally, in place of verifying a property, straints expressed by means of labels attached to the
the approach provides a set of constraints on somePetri net (Mancegt al, 2002). Finally, by a constraint
parameters allowing the proof of the property. The propagation of the symbolic temporal constraints, a
property, considered in this paper, is that the lapse ofsymbolic domain is derived for the date of the firing of
time to reach a given state belongs to a specified do-the last transition of the scenario. The upper and lower
main. Only the principles of the method are given, all bound of the domain involve parameters of the prob-
the technical details can be found in (Rex&, 2003).  lem and by matching this domain with the required
This paper focuses on the presentation of the exampleone, the set of constraints which have to be verified
by the parameters is derived. Let us detail two critical
aspects: the translation of the Petri net into linear logic
2. PRINCIPLES OF THE APPROACH and the generation of a scenario by means of a proof.

2.1 General view

2.2 Translation into linear logic
The hybrid system is modeled by means of a Petri
net, for its discrete view and by means of sets of The Multiplicative Intuitionist fragment of Linear
differential equations (linear if possible) or temporal logic (MILL) (Girard, 1987) is sufficient. It only con-
abstractions for the continuous dynamics. Then, a p-tains the multiplicative connectiveg” (conjunction
invariant based analysis is done to establish relationsof hypotheses) and the linear implications”. There



is no negation and the meta connectivéis com-
mutative. The specificity of Linear logic (with respect
to classical logic) is that logical propositions are con-
sumed when they are used for a deduction. Proving a
sequent is verifying that the required hypotheses are
available when they are used in a proof step.
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Atoms denote tokens and their names are those of the

places where they are located. Markings are denoted

by monomial in®. Transition firingsare denoted by

formulas of the form:t : Pre(t)—Post(t) where

Pre(t) and Post(t) are monomials i® (in the same

way as markings). A reachability proof is expressed

by the following sequentd, A\g - M,, whereMj is

the initial marking,M,, is the final marking and, is ) )

a set of formulas denotingansition firingsspecified ~ Fig. 1. General view of the net

as above. Each formula denotes a transition firing. If cjosed. When the command R, the box doors are

a transitiont is fired n times then the corresponding  gpened, the three gears are retracted and the doors are

formula has to be presentinexemplars in\o. closed. In the intermediary position the command is
B and the gears are blocked in their current positions.

We assume that opening and closing movements of the
2.3 Proof of a sequent and labeling the proof tree doors go until completion in any case.
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A reachability proof is equivalent to the proof of the 1N€ Property to be verified is that when the pilot
corresponding sequent. Its purpose is to derive theMaintains thefz command the lapse of time required
partial order on the set, defining the reachability to reach the final state (ready for Igndlng) is bounded
scenario. A sequent proof tree is a syntactical proof. Y & whatever the commands which have been pre-
It is a set of rules proving that the connectives have viously dor_1e (and therefore whatever the current state
been correctly introduced. The canonical construction ©f the landing system).

of the proof tree is based on an iterative step which

consists in eliminating each transition firing af,

after having verified that the required atoms have 3.1 Global Petri net model

been produced. This step has to be executed once

for each transition firing of the list and there is a A global view of the model is given in figurel. Place
bijection between it and each transition firinglg.  p1 represents the state in which the three gears are
The precedence relations imposed by the structure andétracted. Transitiort; is fired when the command
the markings of the Petri net are those which reflme, £ is issued in this state. This event generates three
each atomthe application of the iterative step which concurrent branches, one for each gear. Transitie
produces it with the one which consumes it (Maretel ~ fired when the three gears are extended. The right part
al., 2002). These precedence relations are obtained byof the figure correspond to the retracting command.
labeling the proof tre€Riviere, 2003). They formally

define one scenario.

3.2 Petri net model for extending

3. EXAMPLE A detailed view of an extending gear behavior (gear
i) is represented in figure 2. Note that plages

The example is a modified version of a benchmark and p,4 are the same as in figure 1. In a preceding
proposed by the French working group STRQDS paper (Boniol and Carcenac, 2002) the system has
(STRQDS, 2002), which has been first presented bybeen represented by means of Lustre, Esterel and
(Boniol and Carcenac, 2002) and first studied by timed automata. In this paper it has been chosen to
(Villani, 2004) in its hybrid version. The purpose isto take into account the hybrid nature of the system by
verify a landing system for an airplane. It is composed means of a model based on Petri nets and differential
of three landing gears which have to be extended forequations. It has also been assumed that the gears
landing and retracted for flying fast. Each gear is in a could be blocked in any position. However we have
box closed by a door. Before extending or retracting a not chosen the same level of detail as in (Villani, 2004)
gear the box door has to be opened and it is automati-in order to be able to give a simple proof. In particular,
cally closed when the movement is complete. the three gears have been assumed to be independent.

The gears are controlled by means of a three-positionWe assume that the gear continuous dynamics could
command. When the commandAisthe box doors are  be approximated with a delay and two linear behaviors
opened, the three gears are extended and the doors ai&s represented in figure 3. The delay is delimited by a
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Fig. 2. Petri net for extending gear Fig. 4. Petri net for retracting gear

Placep;, represents the linear interpolation of the gear

li movement. The differential equation
bound
St o dl;/dt = ¢; with ¢; € [a;,b;] anda; >0 (1)
inf bound
time is attached to this place. The Petri net is therefore a

lag | predicate differential one as defined in (Champagnat
et al, 2001) and used in (Villanet al, 2003). The

dni dyi time current value of each gear positidnis attached to
the corresponding token. Transitiop is fired when
Fig. 3. Gear continuous dynamics l; = lg;. Itis exactlyfired at the time corresponding to

this condition.
time interval(d,,;, das;] which means that it may vary
between the minimal valué,,; and the maximal one
dyri- The slope of the lower envelopedsand that of
the upper one i;.

Finally, placep;s corresponds to the door being closed
(same temporal constraint as fpjy) and placep;4

to the necessary wait state before the synchronization
between the three gears representeé,by

Placep,q corresponds to the opening of the box door.
Its continuous dynamics is taken into account by
means of a temporal abstraction. The minimal dura-
tion for opening or closing the box of geais D,,;
and its maximal one i® ;. The corresponding time
constraint is represented by the interVBl,,,;, D ;]
attached to the ar@,o, t;0). This means that the token
in (p;o has to remain in this place at ledst,,; and at
mostD,;. As there are no other transition which can e .
consume it, the token cannot remairpig after D ;. tiza. A new initial de]ay is imposed by p!ac@14,
This model is a pt-arc-time Petri net with respect to _delay Wh'Ch can be interrupted by the f'”'.”g of>
time (timing constraints are attached to the arcs link- if the pilot moves the command 1 or 12 again.

ing places to transitions). It is very similar to p-time
Petri nets in which temporal constraints are attached
to places. The unique difference is that the temporal
constraint associated with the place may differ with
respect to each output transition of the place.

The right part of the net represents the states reached
when the command is not held i position by the
pilot. When the pilot commutes 18 or B the activities
represented by places; and p;,, are immediately
interrupted (transitions;; or ¢;11). The token is put

in place p;oo and the current value of; is stored.

If commandFE is emitted in this state, the extension
process is resumed by means of transitiops and

3.3 Petri net model for retracting

The model is similar and is represented in figure 4. An
important point is that placg;q is shared between
Placep;; represents the time lag for the movement the two Petri nets in figures 2 and 4. The blocked state
of geari. The corresponding time constraint is rep- is the same because the pilot may suddenly pass from
resented by the intervid,,.;, dys;] attached to the arc  a retracting to an extending operation and vice-versa.
(P, tin)- Placeg;s andp;y are the same as in figure 1.



The differential equation attached to plage is:
dll/dt = —C; with c; € [CLi, bl} and a; > 0 (2)
It is important to point out that the threshold with

which the firing of transitiont;; is synchronized is
l; =0.

3.4 Invariant analysis

By replacing the rectanglé$anding gear i” in fig-

3.6 Building elementary scenarios

In order to prove the property, it is necessary to derive
all the scenarios leading to the state characterized by
the markingM (p2) = 1 (which entailsVi, l; = ly;

and therefore correspond to a unique state). Only
events consistent with the commahdare taken into
account. The scenarios are built imedularway in
order to cope with the search space explosion and to
exploitsystem symmetries

Any scenario allowing the production of a token in
placep, terminates by the unique scenarig char-

ure 1 by the subnets in figures 2 and 4 it can easily 5cterized by the sequent:
be proven that there are three positive p-invariants: for
each landing gear, the sum of the markings of all the
places increased by the markings of plageandps is
equal to 1. This means that the Petri net is 1-bounded.In order to exploit symmetry, the three similar scenar-
ios leading to one token in places, are indepen-
dently built. In a first step, the scenarios are derived
from the Petri net in figure 2 by considering that the
transitionst; 19, t;11 andt;1» cannot be fired (inconsis-
tency with the command’). The following scenarios
gre derived:

S 1 P1a®@p2a®paa, ta - po 5)

Only six places have differential equations attached
to them: the two placep;> and p;; for each gear.
This means that the values of variablegepresenting
the gear positions only vary when one of these places
contains a token. Given one gear (given a valué) of

l; cannot simultaneously be increased and decrease
because it is not possible to simultaneously have a
token in placep;» and a token in place;; (straight-
forward consequence of the above p-invariants). It is
assumed that the initial value of these three continuous

(6)
()

53 1 Piostio, tit, ti2, tiz F pia

84 1 Di00sti13, tita, tia, tiz b Dia

variables (when\ (p;) = 1) is 0.

3.5 Delimiting continuous variable domains

By a backward reasoning starting from plageit can

Placep;qo is shared between the nets in figures 2 and
4. This implies that scenarig, has to be extended by
all the scenarios in figure 4 which produce a token
in p;oo (remember that transitions, o, t;11 andt;io
cannot be fired). The transitions which cannot be fired
in figure 4 aret;g, t;18 andt; 9. The three following

be proven that any scenario allowing the production of scenariosqs, ss ands; respectively) are derived:

a token in place; terminates by the unique scenario
s1 characterized by the sequent:

P17®@P27®p3r, ti7, tar, 137, tis, tag, tas, ta - p1 (3)

As transitionst;; are only fired wher; = 0, and as
in placesp;s, pi9 andp; variabled; are constant, then
necessarily/i, l; = 0 when M (p;) = 1. Similarly, if

M (p2) = 1thenVi,l; = ly;. The position of the gear
iis alsol; = ly; when there is a token in the plages

or p;6 andl; = 0 when there is a token in the places

Pio OF Pi1.
Let us now consider the following hypothesis:

VM reachable marking ,Vi,0 < I; < ly;

(4)

The proof is straightforward. Variableonly increases
when M (p;2) = 1. During this activity transition

85 Di19,ti17 F Pioo (8)
86 : Dirstite F Dioo 9
S7 1 Pisytis, tits F Dioo (10)

Finally, as in the global net in figure 1 transition
can be fired (with command) but not transitionts,
we have also to consider the scenaiio

sg 1 p1,t1 F p1o®p20®p3o (11)

3.7 Building elementary Simple Temporal Networks

In order to derive the Simple Temporal Networks
(STN) (Dechteret al, 1991) corresponding to the
scenarios, it is necessary to replace the continuous
dynamics attached to placgs andp;; by theirtem-

t;o remains enabled and is fired as soon as the valueporal abstractionsWe point out the fact thatp our
l; = lo; is reached. Instantaneously the token in place approach the time interval are defined a symbolic

pi2 IS removed and the value &f remains constant.
For the minimal bound of; a similar reasoning in-
volving placep;; and transitiont;; can be done. As
condition 4 is initially true, it is true for any reachable
state.

way andnot in a numeric wayn order to go back

to the hybrid expression when necessary. As a conse-
guence, the continuous dynamics is taken into account
by attaching the temporal constraints,,;, d2as;] to

the arc(piz, ti2) and|[drp, drasi) 10 (pir, tiv)-



-Dmi -dmi -dami 0

A Do~ dmi ) 0 0
I ﬁb ti(]#til i’liz Iy —_VtmTFl
pio pi1 pi2 Dyt pi19 i
-+ |Pmi . . . .
pi3 l> Fig. 7. STN associated with scenakio
pi4
F) 4——— ;3 0
. . . . Iy —>0 til6 —>0 Fy
Fig. 5. STN associated with scenakip pi7 Pioo
0 'dMid o Fig. 8. STN associated with scenakip
i d mi
I —0> til}* ti142—>t12
Pioo pil4 pi2 Du Dy 0
1
D, A/[m 0
piz | ™ I} ———» tis —————Ptj;5s ———»F
pis pi6 Pioo
Pia

Fi <— ti3 . . . .
Fig. 9. STN associated with scenasip

Fig. 6. STN associated with scenasip of length0 has been added between event and ;.

Let us consider the scenarig (sequent 6). The cor-  The following constraint is derived:
responding Simple Temporal Network is represented
in figure 5. The initial node (eventl), represents the
production of a token in placg;y. This event coin-
cides with the firing of;. The nodes denotes variables The case of scenarigs (sequent 9) is similar. The
corresponding to the firing dates of the corresponding Simple Temporal Network is represented in figure 8
transitions, the arcs denotes the temporal constraints2nd the following constraint is derived:

which have to be verified by these variables.

0<azi7—a7<0 (14)

0 S Ti1e — .1?(13 S 0 (15)
If arc labels such a#,,; or ds,,; are replaced by

allows to derive the exact temporal constraint between simjjar and the Simple Temporal Network is repre-

two events ensuring 3-consistency. In the presentedsented in figure 9. The derived constraint is
approach, the temporal constraint between the initial

event/; and the one corresponding to the production D, < xi15 — x{ < D (16)
of the last tokerni.e ¢;3 can be derived by means of

a simple symbolic calculus. It is straightforward be-

cause there is only one oriented path in each direction3_8 Building significant scenarios

between these two events. The obtained constraint is
(z;3 is the variable denoting the date of evéptand

o . The significant event (producing the final state) is the
x3 the one of the initial event; of scenarioss): 9 (P 9 )

firing of transitiont,. Ast, has to be fired as soon as it
is enabled, from scenarig (5) it can be derived that:
2.Dppi + dimi 4 domi <

zig — @5 < 2.Dppi + dagi + dangs (12) T2 = max(713, 723, T33) (a7

The Simple Temporal Network corresponding to sce- | he sequential composition of the elementary scenar-
narios, (sequent 7) is given in figure 6. Eveljteither ~ 10S 55 (Sequent 8 and STN 7) with, (sequent 7 and
corresponds to the production of a token in plagg STN 6) implies the fusion of the final event of the first
or to the fact that a commang is executed when Scenario with the first event of the second scenario.
placepigo contains a token. In the two cases the token This means that;;7 = z{. In consequence:

cannot remain in placg;oo and this is expressed by

adding an arc of length betweent;;3 andI;. The ob- Dini + doi + dopmi <

tained constraint is (with the same notation as in 12): - 25 < Dupi 4 dups + d (18)
3 L1 = Mi Mi 2M1i

Dimi + d"”j dami < The sequential composition ef (sequent 9 and STN
zi3 — 1 < Dy +dyi +dovi - (13)  8) with s4 (7 and STN 6) results in the same con-
straints. The sequential composition of (10 and
The Simple Temporal Network corresponding to sce- STN 9) with s, results in the constraints:
nario s5 (sequent 8) is given in figure 7. Eveilt
corresponds to the execution &f when there is a
token in placep;19. For the same reason (command
F has to be taken into account immediately) an arc i3 — &7 < 2.Dpgi + dagi + danri (19)

2~Dmi + dmz + d2mi S



3.9 Proving the property They are clearly differentThe difference between

temporal and hybrid analysis is that in the second
If all the scenarios are considered, the time lapse case the temporal constraints attached to the Petri nets
between the last execution af (maintained) and the  depend on continuous variables and are dynamically
final state (three gears extended) may vary from the computed.

minimal valued,,, to the maximal oné . Lo .
" M Finally, it is important to underline the fact that the

approach favorsnodularity Scenarios can be com-
Om = im:%(D mi + dmi + dami) (20) posed in sequential and parallel manners (see éRayi
Sar = max(2.Dags + dagi + dansi) (21) 2003)) without loss of partial qrdee.wnhout adding
i=1,3 spurious precedence constraints.

As the upper bound fafs ; IS lp; /a;, if the maximal
acceptable duration 4, then the property is verified Acknowledgement:This work has been partially sup-

for all values of the parameter,y;, dasi, lo; anda; ported by the Network of Excellence HYCON.
such that:
max(2.DMZ- + dpri + lol-/ai) <A (22)
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